JIEOHEHKO Bacnjinft HnKOJiaeBnn 
POCCHH, 644099, r. Omck 
yji.rieBn;oBa, 13 

Omckhh cpnjinaji HHCTHTyTa MaTeMaTHKH hm. C. JI. Co6ojieBa CO PAH 
e-mail: VNLeonenko@yandex.ru 
y^K 519.711 

B. H. JleoHeHKO 

HH^HBH^yyM-OPHEHTHPOBAHHAil MO^EJlb 
PACnPOCTPAHEHHH HHOEKIJHOHHOrO 3ABOJIEBAHH5I 
O ! B TOPOACKOH CPE^E 

o 

PaccMaTpHBaeTca HHTniBH/ryyM-opHeHTnpoBaHHaa Moment. pacnpocTpaHeHHH HHcbeKnn- 
oHHoro 3a6ojieBaHHH cpe/nr ropo/^CKoro HacejieroiH. IlocTpoeHa cncTeMa croxacTHuecKnx ypaB- 



O 



HeHHH, onncbiBaioiiiHX H3MeHeHHe HHCjieHHOCTen neTbipex rpynn HacejieHna: bociiphhmhh- 
Bbie, HHcbnnHpoBaHHbie, 6ojibHt.ie HHflHBHflyyMti n HH^HBHflyyMH, Haxo^HmnecH b coctoh- 
hhh peMHCCHH. CncTeMa ypaBHeHHH Mo^ejin flonoimeHa cooTHonieHHHMH, ynnTbiBaioiiiHMH 
THJKecTb h npoflojKKHTejibHOCTb 6ojie3HH fljiH KajKfloro 3a6ojieBinero nnyuiBH/ryyMa. Ha oc- 
HOBe MeTO,a,OB MoHTe-Kapjio pa3pa6oTaHbi ajiropHTM n MOflejinpyiomaH nporpaMMa, no3BO- 
jiHronxne HccjieflOBaTb /nmaMHKy nncjieHHOCTen yKa3aHHbix rpynn HacejieHna. 

An individual-based model of the infectious disease spread among the urban population 
is considered. A system of stochastic equations, which describes changes in quantities of four 
population groups, susceptible, exposed, infected individuals and individuals in the state of 
remission, is built. The system of equations of the model is supplemented with correlations, 
which consider disease heaviness and duration for every infected individual. An algorithm 
and a modelling program based on Monte-Carlo methods which allows to investigate the 
group number dynamics is developed. 

BBefleHHe 



O^hhm H3 coBpeMeHHBix HanpaBjieHnft MaTeMaTHuecKoro Mo^ejinpoBaHna: aBjiaeTca 
H3yHeHiie 3aKOHOMepHocTen coiinajiBHo-^eMorpaqbHHecKHx h ann^eMHHecKnx nponec- 
cob, aHajiH3 h kohtpojib pacnpocTpaHemiH HHqbeKu,HOHHBix 3a6ojieBaHHH, a TaK>Ke 
BBipa6oTKa pasjiHHHBix Mep no nx c^ep>KHBaHHio [lj, [2j. JJ^jir pememia nocTaBjieH- 
hbix 3aflan npnMeHJieTCJi ^ocTaTOHHO ninpoKnn Kjiacc MaTeMaranecKnx Mo^ejiefl, cpe- 
flH KOTOpBIX OCoGoe MeCTO 3aHHMaiOT HH^HBH^yyM-opneHTnpoBaHHBie Mo^ejin pQ, [3], 
[I]. B HacToam;eH pa6oTe paccMaTpnBaeTcs HMHTaiinoHHasi Mo^ejiB pacnpocTpaHeHna 



HHcpeKnnoHHoro 3a6ojieBaHHs b ropo^cKoft cpe,n;e, nocTpoepmaH b brjiq ciicTeMBi cto- 
xacTHHecKHx pexyppeHTHbix ypaBHemift. Oniicaim MOflHcpHKai^Hs Mqnejin, yniiTbiBa- 
romaa: oco6eHHOCTH npoTeKaHHH 6ojie3HH y 3apa>KeHHbix HH^HBiiiryyMOB. IIphbo^jitch 
pe3yjibTaTbi BbiniicjiiiTejibHoro sKcnepiiMeHTa c Hcnojib30BaHiieM HHCJieHHbix MeTOflOB 
MoHTe-Kapjio. 

OnncaHHe MO^ejiH 

CiHTaeM, hto HacejieHHe HeKOToporo ropo^a coctoht 113 neTbipex rpynn: Bocnpn- 

HMHHBbie K HHCpeKUHH HH^HBH^yyMBI (S), HHCpHUHpOBaHHbie HH^HBH^yyMbl (L), 6ojib- 
Hbie HH^HBH^yyMbl (T), HH^HBIiZiyyMbl B COCTOHHHH peMHCCHH (R). BpeMH MO^ejIH 2B- 
JIHeTCH ^HCKpeTHblM, C e^HHHHHblM inaTOM. IlyCTb Xt - HHCJieHHOCTb HH^HBH^yyMOB 
H3 S, |/t - HHCJieHHOCTb HH^HBH^yyMOB H3 L, Z ( - HHCJieHHOCTb HH^HBIiJiyyMOB H3 T, 

r t - HHCJieHHocTb HH^HBH^yyMOB H3 R b MOMeHTbi BpeMemi t — 0,1,2, .... B Tenemie 
npoMe>KyTKa (t, t + 1] HH^HBH^yyMOB yxasaHHbix rpynn HacejieHira bo3mo5khm 
cjieflyromne co6mthh: 

Al) rn6ejib HHflHBimyyMa H3 S c BepoHTHocTbio 1 — 7, 

A2) rn6ejib HH^HBH^yyMa H3 L c BepoHTHocTbio 1 — 7, 

A3) rnGejib HH^HBH^yyMa H3 T c BepoHTHocTbio 1 — p, 

A4) rnGejib HH^HBiinyyMa H3 R c BepoHTHocTbio 1 — a, 

A5) HHcpni^npoBaHHe HH^HBH^yyMa H3 S b pe3yjibraTe KOHTaKTa c 6ojibHbiM 
HH^HBH^yyMOM (nepexo,n; H3 S b L), 

A6) aKTHBai^nji 6ojie3HH y HH^HBH^yyMa H3 L b pe3yjibraTe noBTopHoro HHcpn- 
n,npoBaHH5i - KOHTaKTa c 6ojibHbiM HH^HBH^yyMOM (nepexofl H3 L b T) , 

A7) cnoHTaHHaji aKTHBauiisi 6ojie3HH y HH^HBH^yyMa H3 L c BepoHTHocTbio /3 
(nepexofl H3 L b T), 

A8) cnoHTaHHoe Bbi3,n;opoBjieHHe HH^HBH^y y m a H3 T c BepoHTHocTbio a (nepexofl 
ns T b R), 

A9) aKTHB ai^nji 6ojie3HH y HH^HBH^yyMa H3 R b pe3yjibTaTe noBTopHoro HHcpn- 
n,npoBaHH5i - KOHTaKTa c 6ojibHbiM HH^HBH^yyMOM (nepexofl H3 R b T), 



A 10) cnoHTaHHaa aKTHBanna 6ojie3HH y HH^HBH^yyMa H3 R c BepoHTHocTbio 9 
(nepexofl H3 R b T). 



IIojiaraeM, hto bcpohthocth 7, p, a, /3, a, 6 1 ynpBjieTBopHioT cnenyiorirHM orpaHnneHn- 
hm: 7 G (0;1), p G (0;7], cr G [p,7], /3 G (0; 1), a G (0; 1), 6> G (0; 1). fljis. onnca- 
hhh npon,eccoB HHcpHinipoBaHHH HH^HBH^yyMOB h aKTHB ainiH 6ojie3HH b pe3yjiBTaTe 
noBTopHoro HHcpHHiipoBaHHH Hcnojib3yeTca cxeMa, npennonceHHaH b pa6oTe [3]. Chh- 
TaeTCH, hto 3a e/XHHHiry BpeMeHH GojibHbie HHnHBHiiyyMbi nocemaioT b coBOKynHocTH 
£t MecT, rne £ 4 = YltLi^it, tyit > - B3anMHO He3aBHCHMbie, onHHaKOBO pacnpene- 
jieHHbie cjiynaftHbie BejiHHHHbi, He 3aBHcamHe ot Zj, c MaTeMaraHecKHM oaomamieM 
E{ipit) = 7r > 0. BepoHTHOCTH Toro, hto HHHHBHHyyMbi H3 rpynn S, L hjih R noce- 
tht ojxho H3 3thx MecT, o6o3HaHHM nepe3 A5 G (0; 1), Xl G (0; 1) H Xr G (0; 1) co- 

OTBeTCTBeHHO. BepOHTHOCTH 3apaHCeHHH HH/XHBHiiyyMOB nOCJie KOHTaKTa C GojIbHbIM 

HH^HBH^yyMOM o6o3HaHHM nepe3 5s G (0; 1), 5l G (0; 1) h 5r G (0; 1) cooTBeTCTBeH- 
ho. Tor^a BepOHTHOCTH Toro, hto HHjjHBHiiyyM H3 KOHKpeTHoft rpynnbi S, L, R 6yn,eT 
HH(pHu,HpoBaH b TeneHHe cyTOK (c yneTOM bo3mohchocth cnoHTaHHoft aKTHB ainiH 6o- 
jie3HH hjih HH^HBH^yyMOB rpynn L h R), npn cpHKcnpoBaHHOM 3HaHeHHH £ 4 3an,aiOTCH 
cjienyroiiniMH cpopMyjiaMn: /xj 5) = 1 - (1 - A 5 5 5 ) ? % n\ L) = 1 - (1 - /3) (1 - X L S L )^, 
Hi — 1 — (1 — 9) (1 — XrSrY*. Hapnny c co6bithhmh Al) - A10) 6yaeM yHHTBiBaTb 
npoijeccbi MHrpainiH, KOTopbie MoryT OKa3biBaTb 3HaHHTejibHoe BjiHHHne Ha H3MeHe- 
HHe HHCJi6HHocTen H3ynaeMbix rpynn HacejiemiH. CnHTaeM, hto Randan rpynna S, L, 
T, R nonojiHH6TCH 3a npoMencyTOK BpeMeHH (t, t + 1] b KOJinnecTBe > 0, g t +i > 0, 
ht+i > 0, d t+ i > HH^HBH^yyMOB. CncTeMa ypaBHeHHft Ha hhcjichhocth HHnHBHny- 

MOB HMeeT BHfl: 

Xt+l = %t+l ~ u t+l + /t+1) 

yt+i = yt+i + - wt+i + fl't+i, 

= z t+l ~ u t+l + w t+l + ^+1 + ^t+l) 
r t +i = r t +i + v t+ i - + d t+ i, t = 0, 1, 2, . . . , 
Xo = x (°) >0,y = > 0, z = z {0) > 0, r = r (0) > 

3necb x t+ i, yt+i, 5*t+i ~ KOJinnecTBO HH/XHBHiiyyMOB xES,y&L,z£T,r<ER, 

^OJKHBHIHX OT MOMeHTa BpeMeHH t RO MOMeHTa t + 1; U t +l - KOJIHHeCTBO HH^HBH^y- 
yMOB H3 S, nOHBepriHHXCH HH(pHI];HpOBaHHIO 3a BpeMH (t,t + 1], Wf+1 _ KOJIHHeCTBO 
HH^HBH^yyMOB H3 L, 3a6ojieBniHX 3a BpeMH (t,t + 1], lt+l - KOJIHHeCTBO HHJj;HBHJj;y- 
yMOB H3 R, 3a6ojieBIHHX 3a BpeMH (t,t + 1], V t+ i - KOJIHHeCTBO HHJXHBHJXyyMOB H3 

T, Bbi3ji,opoBeBHiHx 3a BpeMH (t, t + 1]. CnHTaeM, hto Bee HHflHBHflyyMbi BenyT ce6n 
He3aBHCHMO flpyr ot npyra. Tor^a fljia 3aflaHHoro t h npn cpHKCHpoBaHHbix 3HaneHH- 
hx cooTBeTCTByiornHx cjiynaHHbix BejinnHH yKa3aHHbie cjiaraeMbie hmciot ycjioBHbie 
6nHOMHajibHbie pacnpeflejieHHH: 

x t+1 ~ Bin(x t ,j), y t+1 ~ Bin{y u i), %+i ~ Bin(z t ,p), 



(1) 



r t+ i ~ Bin(r t ,a), u t+ i ~ Bin(x t+1 , n\ '), w t+1 ~ Bin(y t+1 ,pl '), 

v t+1 ~ Bin(z t+1 ,a),l t+l ~ Bin(r t+l , p[ R) ). 

Hccjie^oBaHHe cbohctb peineHHH Mo^ejin (pQ) npe^cTaBjiaeT coGofl ,nocTaTOHHo Tpyn,- 
Hyio 3an,aHy. PaccMOTpHM 3^ecB oflra H3 no,zrxo,ii;oB k aHajiH3y MaTeMaTnnecKHx ojkh- 
^aHHfi nepeMeHHbix Mo^ejin: m t = E(x t ), n t = E(y t ), k t = E(z t ), s t = E(r t ). Be3 
orpaHHHeHHH o6iuhocth npnivreM, hto HanajibHbie 3HaHeHHH b ([1]) hbjihiotch 3an,aH- 

HblMH KOHCTaHTaMH . IIpeflnOJIOJKHM, HTO MaTeMaTHHeCKHe OJKH^aHHH MHrpaUHOHHblX 

noTOKOB hbjihiotch orpaHHHeHHbiMH: f t = E(f t ) < f,g t — E(g t ) <g,h t = E(h t ) < h, 
d t = E(d t ) < d, FRe f, ~g, h, d - HexoTopbie KOHCTaHTBi. IIojiojkhm c = f + ~g + h + d. 
Hcnojib3ya CHCTeMy ([T]), nojiynaeM 

m t+ i + n t+1 + k t+1 + s t +i = E(x t +i + y t +i + %+i + r t+1 + f t+1 + g t+ i + h t+1 + d t+ i) 
= + 'jnt + pk t + as t + (f t+1 + g t+1 + h t+1 + d t+1 ) < ^{m t + n t + k t + s t ) + c. 

OTcio^a cjie,zryeT, hto MaTeMaTHHecKoe oacH^aHHe o6meH HHCJieHHocTH HacejieHna orpa- 
HHHeHo. JXjis oneHKH HHCJieHHocTeft oT^ejibHbix rpynn HacejieHHH mojkho npuMeHHTb 
no^xo^, onucaHHbifl b |3], [5]. HeTpynrio 3aMeTHTb, hto npn uiq = x^ < //(l — 7) = m 
,h;jih jiio6oro t > BbinojiHaeTca HepaBeHCTBO m 4 < m. Ana nepeMeHHbix n t ,k t , s t bbi- 
nHCbmaeTCH cncTeMa cpaBHeHHH: 

= 7 (1 - P)x? + 7m(l - (1 - \ s 5sY xf) ) + 9 t+1 , 

xl% = p(l - a)xf ] + 7^(1 - (1 - -_A L 5 L HV 
+ axf } (1 - (1 - 0)(1 - XrSr)™™) + h t+1 , 

x[% = a(l - B)xf ) + apxf ] +d t+1 , t = 0, 1, 2, . . . , 

™(1) _ „.(0) _(2) _ (0) _(3) _ (0) 

PemeHHH stoh cncTeMbi flaioT oh^chkh cBepxy Ha MaTeMaTnnecKHe ojKH^aHHH pemeHHii 
CHCTeMbi ([1]). 3th on^eHKH no3BOJiHioT nojiynaTb npe^BapHTejibHbie bbibo^bi o ^HHa- 
MHKe HHCJieHHocTeft rpynn, He npn6eraH k Mo^ejinpoBaHHio MeTo,n;oM MoHTe-Kapjio. 

PaCCMOTpHM MO^H(pHKan,HIO MO^ejIH, B KOTOpOH flJIH Ka^K^OrO GojIBHOrO yHHTBI- 

BaeTCH TeKym;aH TaacecTb 6ojie3HH h = h(t) > 0. Hcnojib3yH |6], nojiaraeM, hto 
h(t) = h(0) exp(—at+bu)(t)), t > 0. 3^;ecB: h(0) > - HanajibHoe 3HaneHHe TnacecTH, 
a > 0, b > - napaMeTpti, u(t) - cTaH^apTHbifi BHHepoBCKHii cjiyHaHHbiH npon;ecc. 
IlpHHHMaeM, hto h(0) ~ Unif[0; 1], to ecTb HanajibHasi THJKecTb paBHOMepHo pacnpe- 
^ejieHa Ha oTpe3Ke [0; 1], a - HeKOTopaa KOHCTaHTa, o^HHaKOBaa ^jih Bcex GojibHbix, 
b ~ Unif[Q; \/2a] - HH^HBH^yajibHbiH napaivreTp, oTpa>Kaiom;HH 3aBHCHMocTb thhcccth 
ot pa3JiHHHbix cpaKTopoB. rpaHHH;bi H3MeHeHH3 b BbiGnpajincb HcxoflH H3 HeoGxo^H- 
mocth BbinojmeHHH HepaBeHCTBa a > b 2 /2, KOTopoe o6ecneHHBaeT yMeHbnieHne Ma- 
TeMaTHHecKoro oHCHnaHHH THJKecTH 6ojie3HH, E(h(t)), c TeneHneM BpeMeHH. IlpHMeM 



^ajiee, hto napaMeTpbi p, a h r 3aBHCHT ot TaxcecTH 6ojie3HH h tcm caMbiM hmciot pa3- 
jiHHHbie 3HaHeHH5i ^jih pa3HL»ix 6ojibHL»ix. ilojiaraa, hto 6ojibhoh c HyjieBOH TSDKecTbio 

H^eHTHHeH 3^I,OpOBOMy HH^HBH^yyMy, 3aKOHBI H3MeHeHH3 yKa3aHHBIX BejIHHHH OTHO- 

CHTejibHo h 3a^aeM cjie^yiomHM o6pa30M: p(h) = 7 exp(— 6\h), a(h) = exp(— £2^), 
r{h) = r exp(— 63k), r^e e\ > 0, 62 > 0, £3 > - napaMeTpbi MCflejiH. Onnpaacb 
Ha 3to npe,ri;nojio>KeHHe, npnxo^HM k TOMy, hto bkr cjiaraeMtix yt+i n Vt+i b cncTeMe 
([I]) H3MeHaeTca. IlycTB hu - THJKecTb 3a6ojieBaHHH i-ro HH^HBH^yyMa H3 T b momcht 
BpeMeHH t. Tor^a y t+1 = Y^Li &t, v t+1 = Yn=l Vit, me 

_ f l,cBep. p(h it ), _ I l,cBep. a(h it ), 

y 0,c Bep. 1 - p(h it ); % y 0, c Bep. 1 - a(h it ). 

OTMeTHM, hto BejiHHHHbi if) it , 3a,n;aioiiiHe 6yn;yT hmctb pa3JinHHbie pacnpe^ejie- 

HH9, riOCKOJIBKy IT ^ COUSt. 

Pe3yjIbTaTbI BMHHCJIHTejIBHMX BKCnepHMeHTOB 

B TaGjinue npHBo^HTCH ^oBepHTejibHbie HHTepBajibi ^jih MaTeMaranecKHx o>KH^;a- 
hhh m t , n t , kt, St HHCJieHHocTen rpynn 6a30Bofi Mo^ejin (MCflejib 1) h MCvTHcpnirnpo- 
BaHHofl Mo^ejiH (Mo^ejib 2) b MOMeHT BpeMeHH t = 200 Ha ypoBHe ^oBepna 0.95 (oGb-eM 
bbi6opkh n=100). HanajibHtie hhcjichhocth: x (0) = 100000, y (0) = 50000, z {0) = 500, 
= 40. 3HaneHHH bxo^hbix hotokob: f t = 1000.0, g t = 0.0, h t = 10.0, d t = 0.0. 



3kcii. 


Mo/i,. 


mt 


nt 


h 


St 


1 


1 


99886.6 ± 63.43 


6707.79 ± 15.11 


59.47 ±1.55 


7.94 ±0.51 


1 


2 


99901.6 ± 55.08 


6707.7 ± 16.29 


54.57 ± 1.3 


17.14 ±0.86 


2 


1 


65483.4 ± 52.01 


1513.79 ± 8.04 


30267.3 ±51.95 


726.12 ±4.95 


2 


2 


98715.1 ±53.82 


30.94 ±0.97 


434.96 ± 4.2 


29.23 ± 1.05 



B cnynae SKcnepnMeHTa 1 HHCpeicnHH ^eiicTByeT Ha rpynny S He3HanHTejibHO. Hhc- 
jieHHocTb GojibHbix HH^HBH^yyMOB cpa3y HaHHHaeT na^aTb, a 3aTeM cTa6njiH3HpyeTca 
Ha hh3kom ypoBHe. 3KcnepHMeHT 2 HjijnocTpHpyeT cjieflyiomyio cnTyannio: nncjieH- 
HocTb GojibHbix HH^HBH^yyMOB Ha HanajibHOM 3Tane GbicTpo B03pacTaeT Gojibinnx 
3HaneHHH (MaxcHMajibHoe 3HaneHHe kt = 45306.5 ± 29.4425 npn t = 35), a 3aTeM Ha- 
HHHaeT Me^jieHHo na^aTb. IIpH stom HHcpnirnpoBaHHio no^BepraeTca 3HanHTejibHaH 
nacTb HH^HBH^yyMOB rpynnbi S. 

,Hjis cpaBHeHHa npHBo^HTCH flaHHbie no sxcnepHMeHTaM 1,2 c Hcnojib30BaHHeM mo- 
^ejiH 2. 3HaneHHH napaMeTpoB, o6hi;hx fljia oGenx Mo^ejiefl, Gpajincb H3 cooTBeTCTBy- 
ioh];hx Ha6opoB rjir 3KcnepHMeHTOB MCflejiH 1. OcTajibHbie napaMeTpbi npnHHMajiH 
cjie^yromne 3HaneHHH: a = 0.12, e\ = 62 = £3 = 2.0. ^HHaMHKa HHCJieHHocTen rpynn 



38MeTHo oTjmuaeTca b peajiH3au,Hax Ha 6a3e pa3Hbix MOflejieit. OcoGemio sto 3aMeT- 
ho b cjiynae aKcnepiuvreHTa 2: B03pacTaHiie KojmuecTBa GojibHbix b Mo^ncpimiipoBaH- 
Hofl Mo^ejiH cTajio ropa3^;o Gojiee KpaTKOBpeMeHHBiM, a MaKCHMajiBHan hhcjichhoctb 
Gojibhbix cymecTBeHHo yMeHbrnnjiacb. B pe3yjiBTaTe rpynna S oKa3ajiacB 3aTpoHyTa 
HHcbeKirnen MeHee 3HaunTejibHo. 

B 3aKjiK)HeHHe otmcthm, uto oniicaHHbm nofixop, mojkct 6biTb HcnojiB30BaH ^jih 
nocTpoeHHa croxacTHuecKon HH^HBH^yyM-opneHTHpoBaHHOH Mo^ejiH pacnpocTpaHe- 
hh2 Ty6epKyjie3a [7]. 

Abtop 6jiaro^;apHT CBoero HayuHoro pyKOBOflHTejiH npocbeccopa H. B. HepueBa 
(OO HM hm. C. JI. CoGojieBa CO PAH) 3a nocTaHOBKy 3a,n;auH h o6cyacfleHHe pe- 
3yjiBTaTOB paGoTbi. 
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